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Lecture 3

Complex Sentences

We now have five connectives available to us:

• Conjunction, ^, for “and” sentences.

• Disjunction, _, for “or” sentences.

• Negation, ¬, for “not” sentences.

• Implication, or the material conditional, !, for “if, then” sentences.

• The biconditional, $, for “if and only if” sentences.

We also have an intuitive sense of what an “and” (or “or”, “not”, etc.) sentence is—namely,
it’s a sentence in that can be written out as P ^ Q (or P _ Q, etc.), where P and Q are
atomic sentences that have no further logical structure (i.e. they can’t be expressed by
joining simpler sentences with one of our connectives). But not all sentences, and, indeed,
many of the most interesting ones, aren’t going to fit neatly into our five categories. They’ll
be complicated mixtures of multiple connectives.

We’ve already had a few examples of complex sentences, but we can take the one briefly
discussed at the end of the last lecture. The biconditional P $ Q is read as “P if and only
if Q”, or, teasing apart the logical structure a bit, “P if Q and P only if Q”, which we said
(with little discussion) could be represented as (Q ! P )^ (P ! Q). It’s nice to have such a
case in mind going forward, but, before we get into its details, let’s back up a bit and build
up to our complex sentences carefully.

3.1 Well Formed Formulae

The first thing that we should do is say what counts as a complex sentence and what doesn’t.
You cannot just line up a bunch of sentence letters and connectives haphazardly and get a
good complex sentence. A good complex sentence, which we call a well formed formula, or
w↵ (pronounced “woof”) for short, is a member of a special class:



Well Formed Formula. A sentence S is a well formed formula if and only if either

1. S is an atomic sentence represented with a sentence letter (A, B, C, etc.), or

2. when � and  are w↵s, S has one of the following forms:

(a) (� ^  )
(b) (� _  )
(c) (¬�)
(d) (�!  )

(e) (�$  )

This is called a recursive definition because it provides a set of instructions for construct-
ing all the members of the set of w↵s by building them up out of other w↵s. As is done above,
we’ll occasionally use the Greek letters � (“phi”) and  (“psi”) as variables for arbitrary
w↵s (in contrast with the P s and Qs reserved for atomic sentences).

When building up a complex sentence, or w↵, we start with option (1): Being an atomic
sentence represented by a sentence letter. So far the sentence letters we have used have all
been italicized capital letters like A, B, P , Q, and the like. We’ve only ever needed three
at one time, but in principle you could use many more in a single sentence. If we really
restrict ourselves to just these letters, then we’ll only be able to have w↵s with 26 unique
atomic sentences. It’s highly unlikely that we’ll ever need more than that (or even close to
that many), but we should still make it possible to have more than that. To do so, we can
amend our definition of a w↵ to allow for atomic sentences to be represented by any italicized
capital letter, or any such letter with a subscript, such as A1, A2, ..., B1, B2, ..., and so on.
For now, though, we can stick with our go-to sentence letters P and Q, which we now see,
by (1), are w↵s.

We can now start building up complex sentences following the instructions in (2). Since
P and Q are w↵s, one iteration of (2) tells us that all of the following are w↵s:

(P ^Q) (Q ^ P ) (P ^ P ) (Q ^Q)
(P _Q) (Q _ P ) (P _ P ) (Q _Q)
(P ! Q) (Q ! P ) (P ! P ) (Q ! Q)
(P $ Q) (Q $ P ) (P $ P ) (Q $ Qv

(¬P ) (¬Q)

We won’t try to write down all the w↵s that result from a second iteration of (2) because
there are 1620 of them. But we can play around a bit. Since (P ^Q) and (P $ P ) are w↵s,
((P ^ Q) $ (P $ P )) is also a w↵ by (2e). Since (P _ Q) and Q are w↵s, ((P _ Q) _ Q)
is a w↵ by (2b). Since (¬P ) is a w↵, we can apply (2c) repeatedly and get, in succession:
(¬(¬P )) is a w↵, (¬(¬(¬P ))) is a w↵, (¬(¬(¬(¬P )))) is a w↵, and so on.

Because things can quickly get ridiculous with parentheses—as (¬(¬(¬(¬P )))) illustrates—
we adopt the following conventions for dropping (not writing out) parentheses in w↵s:



• The outermost parentheses of a w↵ may be dropped.

Example: ((P ^Q) $ (P ! P )) is a w↵, so (P ^Q) $ (P ! P ) is also a w↵ by this
convention.

• Sequences of just conjunctions, just disjunctions, just biconditionals, or just negations
in the construction of a w↵ can drop all but the last parentheses added in the sequence.

Example: (P ! (A _ (B _ (C _D)))) is a w↵, so P ! (A _ B _ C _D) is also a w↵
by this convention (and the first, which allows us to drop the outermost parentheses).

Example: (¬(¬(¬(¬P )))) is a w↵, so ¬¬¬¬P is also a w↵ by this convention (and the
first).

The idea behind these is that they help improve the readability of a w↵ (by eliminating
distracting parentheses) without changing the w↵’s truth table. Importantly, they don’t
have to be used.

3.2 Major Operators

The last connective added to a w↵ is called the major operator of the sentence. In a w↵ that
has only had its outermost parentheses dropped, the major operator will be the connective
that is not contained within any set of parentheses.

For example, the major operator of ((P^Q) $ (P ! P )) is the$, and we can tell that to
be the case because if we remove the outermost parentheses—yielding (P ^Q) $ (P ! P )—
then the $ is the only connective not contained in a set of parentheses. The major operator
of ¬¬¬¬P is, of course, ¬, but we need to specify which ¬ is the major one. If we look at the
unsimplified form of the sentence—(¬(¬(¬(¬P ))))—we can see that removing the outermost
parentheses exposes the leftmost ¬, so that one is the major operator of the sentence.

Breaking a w↵ up by its major operators lets us build trees that illustrate how the w↵
was constructed:

(((¬A) _B) $ (B ! A))

((¬A) _B)

(¬A)

A

B

(B ! A)

B A

A tree like this is an incredibly helpful way mapping out the logical structure of a sentence
when filling in truth tables for complex sentences, translating between English and logic and
back, and doing proofs.



3.3 Complex Truth Tables

To get the truth table for a complex sentence like (((¬A) _ B) $ (B ! A)) is a matter
of working up the sentences tree and developing the truth tables for the progressively more
complex sentences. The atomic sentences are freebies in a way, since it is they that determine
the space of possible worlds. In this case, we have just the familiar two atomic sentences:

A B

1 1
1 0
0 1
0 0

Next, we can write down in the normal way the truth tables for those sentences that are
built up out of just atomic sentences:

A B ¬A B ! A

1 1 0 1
1 0 0 1
0 1 1 0
0 0 1 1

Before we do the full sentence, we have to get (¬A) _B:

B ¬A (¬A) _B

1 0 1
0 0 0
1 1 1
0 1 1

And finally...

(¬A) _ B B ! A ((¬A) _ B) $ (B ! A)
1 1 1
0 1 0
1 0 0
1 1 1

3.4 Sentence Types

All of the truth tables that we have looked at so far have featured sentences that are some-
times true and sometimes false. However, we can easily construct sentences that will always
be true or always be false. For example:



P P _ (¬P ) P ^ (¬P )
1 1 0
0 1 0

P is always true or false, so it’ll always be true that, “P is true or P is false.”, which in our
logic is P _ (¬P ). Similarly, since P can only be just true or just false, which is to say it
can’t be that “P is true and P is false.”, so the truth table for P ^ (¬P ) is always false.

We these various sentences types special names:

Contingency. A contingency, or contingent sentence, is a sentence whose truth table in-
cludes some rows that are true and some rows that are false.

Tautology. A tautology, or tautological sentence, is a sentence whose truth table is true at
every row.

Contradiction. A contradiction, or contradictory sentence, is a sentence whose truth table
is false at every row.

3.5 Complex Translations

Translating complex natural language sentences into logic is a tricky business. Unlike most
of what we have been doing so far, there is no one series of steps to follow that guarantees
success. There are, however, so steps to follow that will put you on the right track...

Translation Step 1: Identify logical connectives. The first step is to identify all the
logical connectives that you can by looking for the natural English words we have associated
with the connectives. Words like “and” for ^, “or” for _, and “not” for ¬ are pretty
straightforward. Words like “if”, “then”, and “in case” clearly signal that some connective
is present, but it can be tricky to say whether it’s a ! or $, and tricker still if it’s a !
to tell which direction the conditional goes. Then there are still more words, like “but”
and “unless” that correspond with specific connectives (^ and _, respectively) closely, but
somewhat unintuitively.

Let’s return to an old example to start: “An absence from work will be excused if you
or a dependent are ill.” Our signal words in this sentence are “if” and “or”. We can be
confident, then, that an _ will appear since the “or” is there. The “if” suggests either ! or
$. Since there isn’t any language that would get us anything like the “if and only if” that
corresponds to $, we can be confident that our logical sentence will include a !. Having
completed Step 1, we can move on to the next.

Translation Step 2: Identify atomic sentences. The second step of translating a
natural language sentence into logic is to identify the atomic sentences that will appear in
the logical expression—our As and Bs and P s and Qs. Once nice way of doing this is to
write out your sentence with the previously identified connectives highlighted in some way,



and then assume there is an atomic sentence for each block of text that appears between the
connectives (and the beginning and end of the sentence). Continuing with our example, we
get:

An absence from work will be excused if you or a dependent are ill.

Looking at the above, we should expect there to be three sentences:

A : “An absence from work will be excused”

B : “you”

C : “a dependent are ill”

Our A doesn’t look so bad as a sentence (except it needs a period at the end).
Our B looks terrible—“you” just isn’t a sentence, let alone the one that we want—but

it has put us on the right track. We do care about “you”, but we need to say a more about
what is going on with “you”. To do that, we look elsewhere in the full sentence and can see
that what is going on with “you” is that you are ill. That, then becomes our corrected B:
“You are ill.”

Our C, like A, looks pretty good except for some minor grammatical issues.
Now, after our reviewing our first pass guess at the atomic sentences, we can o↵er the

following:

A : “An absence from work will be excused.”

B : “You are ill.”

C : “A dependent is ill.”

This concludes Step 2.

Translation Step 3: Test with logic to natural language translations. Our third
and final step is to test out possible ways of combining the connectives and atomic sentences
identified in Steps 1 and 2, and then translating those sentences into our natural language
to see if they say the same thing as our original sentence.

Here are all the ways that we can combine our connectives and atomic sentences:

(A ! B) _ C (A ! C) _ B (B ! A) _ C (B ! C) _ A (C ! A) _B (C ! B) _ A

A ! (B _ C) A ! (C _ B) B ! (A _ C) B ! (C _ A) C ! (A _B) C ! (B _ A)
(A _ B) ! C (A _ C) ! B (B _ A) ! C (B _ C) ! A (C _ A) ! B (C _ B) ! A

A _ (B ! C) A _ (C ! B) B _ (A ! C) B _ (C ! A) C _ (A ! B) C _ (B ! A)

Thankfully, we don’t have to test out all 24 of these. A lot of them can be ignored be-
cause, while they are syntactically—from syntax, having to do with the arrangements of the
symbols—di↵erent, they aren’t semantically—from semantics, having to do with the mean-
ing of the symbols—di↵erent. For example: since the truth tables of (A _ B) and (B _ A)



are the same, there isn’t any semantic di↵erence between C ! (A _ B) and C ! (B _ A),
so we don’t have to consider one if we’ve already considered the other.

Given the grammatical structure of the natural language sentence, you might also have
some intuition about which of the 24 are more likely to be correct. For example: “are ill”
refers do both “you” and “a dependent”, so those sentence should (probably) be grouped by
parentheses, and, since there’s an “or” between “you” and “a dependent”, probably it’s an
_ that should show up in those parentheses, meaning that the right translation should be
one with (B _ C) in it.

For the sake of being thorough, we can test a sentence that doesn’t have (B _ C) and
what we’ll notice is that it sounds really bad. Consider C _ (A ! B). The ! is an “if,
then” and the _ is “or”, so we get:

A dependent is ill or, if an absence from work will be excused, then you are ill.

We can tell that this isn’t a good translation by thinking about what specifically the sentence
is saying. This sentence says at least one of two things is true: “A dependent is ill” or “if an
absence from work will be excused, then you are ill”. According to the first part, the whole
thing will be true if it turns out that a dependent is ill, without any further discussion. So,
crucially, it could be that a dependent is ill and an absence is not excused. That’s not what
the original sentence said. The original sentence said that a dependent being ill guarantees
that an absence will be excused. So C _ (A ! B) is not the right translation.

Now, let’s try a sentence that has B and C grouped as we thought it should. Just
following the order of the atomic sentences and indicators of connectives suggests we try
A ! (B _ C). Filling in our logic-ese gives us:

If an absence from work will be excused, then you are ill or a dependent is ill.

This definitely looks better, but it still isn’t quite right. Again, think about what specifically
the sentence is saying. An excused absence guarantees that you or a dependent is sick. So
it can’t be that everyone is healthy and an absence is excused. Again, that’s not what the
original sentence said. The original sentence doesn’t say anything about the possibility of
an absence being excused for reasons other than illness. But this sentence rules that out as
a possibility, so A ! (B _ C) isn’t the right translation.

A di↵erence that we might notice between the sentence just considered and the original
is that the “if” sits in front of the “an absence...” in the sentence just considered while it
sits in front of the “you or a dependent are ill” in the original. In general, a sentence of the
form “P if Q” can also be read as “If Q, then P”, and so is translated as Q ! P . That
being the case, we should try (B _ C) ! A:

If you are ill or a dependent is ill, then an absence from work will be excused.

Compare to our original...

An absence from work will be excused if you or a dependent are ill.

...and it looks good!


